Introduction
and has been a cornerstone of public health research since the 19th century (Szklo & Nieto 2000) . Mathematical models of infectious dis--tory beginning with Daniel Bernoulli's model Mathematical models are especially valuable for interventions that would be unethical or cost-prohibitive to attempt under real world conditions. the mathematics and computational approaches they were constrained in the range and type of questions they could ask.
The modern development of increased comto consider models that would be impractical or impossible to analyze under the early constraint of analytic tractability. The emphasis in this paper is on the contributions made to infectious disease epidemiology through the incorporation of computational approaches to modeling the eigenvalues and eigenvectors for large matrices minute details into the transmission dynamics of individually based simulations (Grimm & Railsback 2005) . To organize our discussion we have identimodeling has contributed to epidemiological sci-(2) advancing theoretical understanding of disdemonstrate the role and importance of computation in epidemiology.
an important way in which a computational simplifying assumptions used to make a model unreasonable (Anderson & May 1991) . Typieffects are small or that a population is spamodel results to particular diseases or populahumans can effectively handle. These limitations -ers are designed to address. By admitting more -also allow us to include additional components -tiple interacting diseases (e.g. human immuno--been used to demonstrate the relative importance of particular mechanisms such as age-structure the range of models to include the effects of -tious disease. Since the prevention and control of disease is a central occupation of epidemiologists we consider it as a separate topic in our discussion of computational modeling. The tools --undesirable outcomes such as the evolution of pathogens resistant to antimicrobials (O'Brien 2002) . Computational models can include the effects of different control measures and allow us to evaluate alternative strategic uses of these Ferguson et al et al. 2005b) . Computational models allow us to evaluate in detail the way control measures and epidemiological processes interact to produce population outcomes. Another important application of mod--culties inherent in observing the effects of health care measures. The most appropriate assessment of the effectiveness of a health care strategy is not always clear a priori. Computational models can be used to evaluate rapidly different measures of success and provide a relative assessment rigorous and quantitatively precise evaluation --a clean distinction between these categories. A --gathering this range of models we have focused revealing the relationship between determinants of infectious disease and the resulting distribution.
Authors often refer to their models as mathanalysis is based on computational results. Labeling such models as mathematical arises because their formulation follows directly from the long tradition of mathematical models that preceded models based on systems of differential equaderived from the mathematical tradition involve or impossible to derive meaning from the model using traditional analytical techniques such as -ics are revealed numerically and conclusions are based on the analysis of computer output. On this basis we have included mathematical models that highlight the role of computational modeling in epidemiology. approaches like individual-based modeling only became viable following the advent of modern computers. These models allow for individual variation within the population and track the fate of each member. These models require the rapid -racy and memory provided by computers. This there is rarely any ambiguity about their status as such. As with the mathematical models we have models rest upon simulation output.
we describe an individual-based patient model within a small ward of a hospital. This model is used to evaluate how individual patient variation interacts with different hospital policies designed application of a spatial optimal control model to the vaccination of wildlife to limit the epidemic a computational approach.
Contributions of computational models
Computational models extend the range of models that can be considered
The addition of population structure is an important way in which a computational approach -sidered. Adding population structure makes the or epidemiology of a particular system. A better correspondence between model and biology is such as differences in death rates between age population dynamics. Additional structure and realism in a model can change our estimate of -demiological dynamics will respond to human intervention to control disease spread as well as threats such as global warming and habitat et al
The disease status of individuals is an essential form of population structure in epidemiological modeling. Many epidemiology models start by stratifying the population by disease status -lation is thought of as being divided into three distinct groups. (Cook et al. 1990) . Seasonal variation in the number of reported cases has been attributed to several changes in rainfall and seasonal cycles in the rate of contact between hosts (Dowell 2001). Computational modeling allows for the inclusion of seasonality in the environment and evaluation of alternative hypothesized links between seasonality and cycles in host/pathogen dynamics. Computational modeling has been used to make a strong case that variation in annual cycles of measles cases among school-aged children is driven by seasonal aggregation of students et al et al. (2008) used a model to show that cycles in the number of measles cases in Africa can be produced by season variation in rainfall.
Demographic stochasticity can be an imporespecially when numbers are relatively small. This is important from an epidemiological perspective when the prevalence of a disease is low or not a disease persists under these conditions -mission events. A number of models have been developed to investigate the role of demographic and environmental stochasticity on disease -and a computational approach is often required
The type of additional structure needed for a -distinct age classes for school-aged children and -average daily temperature for each one-degree be important to include the effects of alternative host species for a pathogen. Adding population structure can result in models that require a computational approach. For models based on systems of differential -lation structure is handled by adding additional -monly added by representing each age class with a separate equation. Adding equations is also an approach used to produce a model with realistic waiting time distributions for the infectious peri--standing from a model analytically becomes pro--to model analysis.
Computational modeling is also useful in making the connection between results obtained analytically and scenarios that more closely Meyers et al. hospital wards in which patients contract pneumonia (Mycoplasma pneumoniae) rises rapidly as the average number of wards visited by caregivers increases from 1 to 2. This result was based on an assumption that the number of caregivers per ward and the number of wards was very large. They used a computational model to show that the result remained true for more realistic numbers of wards and caregivers.
Advances in the theory of disease processes
erful tool for investigating the effects of biological mechanisms on the distribution of infection. models is that they produced unreasonably low estimates for disease prevalence during interet al.
of the critical community size (CSS) required to maintain an endemic prevalence of an infec--cantly larger than estimates based on historical A series of models were developed to identify mechanisms that result in more reasonable estimates for the CSS. The effects of spatial evaluated. Age structure and the distribution of latency and infectious periods were both shown to produce CCS estimates that are more consistent with the empirical estimate (Bolker & Gren-
The impact of spatial heterogeneity on disease dynamics has been shown in a number of cases to play a critical role. One form of this problem sources of spatial variation contribute to the spread of disease. Smith et al. (2002) employed an elegant computational model to show that were an important factor in accounting for the spread of raccoon rabies. The same model has also been used to demonstrate the importance of long distance dispersal of infected raccoons on the spread of rabies (Smith et al. 2005a (Renton et al. 1998) .
Epidemiology models are often focused at have important dynamics at the intra-host level as the infection interacts with various tissues.
developed and applied to give insights into the ability of Heliocobacter pylori to persist within the human stomach and cause chronic gastritis et al et al (Nowak et al et al. 2000) affect the host have been studied using mathematical models.
Each of the advances discussed were made possible because computational models allowed and environmental mechanisms to be analyzed simultaneously with great facility.
Evaluation of specific intervention strategies
Computational models can lead to changes in and identify mechanistic linkage between disease dynamics and treatment/control strategies. Computational models are useful for testing the effects of hypothetical intervention measures on the predicted prevalence or incidence et al. (2000) showed that while antiretroviral therapy will related to the perception that the disease is treatable. Blower et al. (2000) also showed that the shift in the perception could not only eliminate -ally result in an increase in the number of new et al -pare pertussis vaccination strategies and found that changing the age for the booster shot from reduce overall pertussis incidence.
An emerging area in computational epide- This simulation model provides the structure needed to test a variety of test return times evaluated many different surveillance scenarios including the following: moved to isolation until they have a positive test result. 2. Active surveillance Type 2 (AS2): "Guilty until proven innocent." All patients are isoonly upon the return of a negative test result.
There are many ways to look at the results of acquisitions of MRSA are prevented using any one of the proposed surveillance strategies. -pleted a one-way sensitivity analysis for length test return time. The two strategies had radically dramatically improved reductions in the number cost prohibitive and thus would not be realistic for implementation in most hospitals in the USA. and answered using this simulation model. For the cost per colonization event prevented. Some -tion to include multiple wards within the same hospital and having patients transfer between -ated for cost effectiveness including improvereturn time.
performed using different strategies for isolating patients and different MRSA tests might have effort would have been required to obtain similar data for analysis. The use of computers in this -cacy of alternative treatment strategies quickly and thus allow for the rapid evaluation of a range of alternative treatment options without risk to patients.
An example of computational investigations to find numerical solutions: Spatial control of raccoon rabies
to control the spread of rabies in this species use of vaccination is to incorporate the effects the advance of rabies which can be attributed to a decrease in the rate of short distance dispersal of raccoons across rivers (Smith et al. 2002) . The spatial distribution of vaccination effort is also shaped by limited public health resources allocated to the control of infectious diseases in wildlife (Stark et al place a premium on obtaining the best overall the amount of investment in a vaccination policy. This section presents a model to illustrate how barriers to raccoon movement could be incorporated into an optimal rabies control policy to reduce the number of raccoon populations that of earlier analyses of spatial dynamics of rabies spread within the eastern US (Russell et al.
Raccoon rabies was introduced from north-
The westward spread of rabies has been halted by distributing vaccine-laden baits to form a cordon sanitaire
The current design for the cordon sanitaire has been largely successful at preventing the spread of raccoon-variant rabies into western states.
cordon sanitaire had taken place in northeast Ohio an was quickly contained (Russell et al. 2005) .
of the cordon relates to spatial heterogeneity. For cordon the density of baits distributed within the cordon or the most effective time of year to distribute baits relates to changes in the quality of raccoon -ment.
Spatial optimal control is an emerging area in epidemiological modeling that combines the spatial dynamics of infectious disease and the several models that apply spatial optimization have been developed to address the relationship between determinants of rabies spread and the optimal strategy for vaccinating raccoons. Asano et al. (2008) developed a spatial compartment classes to investigate the effects of spatial heterogeneity in the disease-free population on the optimal vaccination policy. Ding et al. developed a spatial optimal control model that includes the natural attrition of vaccine baits. but they are also taken by non-target species or -ing the number of baits reduces the rate at which susceptible raccoons become vaccinated over time. Ding et al attrition.
is used to investigate the effects of movement barriers on the optimal vaccination strategy. The optimal spatial vaccination policies are compared for a landscape with and without a river. The results from the optimal control model are also compared with related results reported by Russell et al. the effects of different management objectives on vaccination policy.
The dynamics of rabies spread among raccoons is described by a system of ordinary differential equations (Russell et al model is based on a standard compartment based approach to disease modeling (Anderson & May 1991) in which the population is divided into classes: juveniles and adults. The addition of age classes allows the model to include the effects of the increased death rates of juveniles relative to adults as well as differences in the movement
The immune class includes only raccoons that immune individuals cannot be infected. Rabies infections are always fatal to unvaccinated indi--viduals that have developed natural immunity -rate system of equations is used to represent dynamics within each spatial cell. Movement between cells involves juveniles in search of a also move between cells as the result of behavioral changes associated with rabies (Rosatte et al Russell et al. et al. (1989) . The model is allowed to reach a stable diseasefree limit cycle at which point a single infected individual is added at one end of the 1-D array.
The equations for our model are:
(5)
where t represents time and i and are spatial indices. The density of juveniles in cell i that
respectively. The total density of non-infectious adults is represented by A i infectiousness are similar for both juveniles and
I i a(t).
Raccoons are assumed to be uniformly vaccinated at a rate i (t). The natural mortality rates for juveniles and adults are d and b
with a rabid individual. The force of infection is given by . The seasonal movement of juveniles in the fall is represented by M(t). During this time juveniles emigrate at a rate immigrate into location i from other locations at a rate . The spatial domain of the model is closed with respect to movement so for all k ii moving across an unfamiliar landscape (Stuewer which they can establish a home range. The suitability of a location depends on the availability of local resources and we assume that this depends on the density of adults. The term gives the adult density-dependent rate at which juveniles settle into a home range. The parameter s is the settlement rate in the absence of adults and gamma controls the rate at which the settlement rate decreases with increasing adult density. The initial conditions for the model are given in Eq. 8.
at a rate 1/ days. Disease-induced mortality occurs at a rate -et al disease-induced mortality rate dominates other induced mortality is the only form of loss from -in from other cells at a rate . The for infectious movement are the same as those used for juveniles.
riers to raccoon movement. Smith et al. (2002) has shown that there is a seven-fold decrease in the spread of rabies associated with rivers. This is interpreted as a reduction in raccoon the optimum vaccination strategy produced with and without a river. The river is included in the model by designating one cell in the center of the 10-cell array as a river. The density of raccoons movement events can result in a raccoon crossbridge to cross the river.
A central element of an optimization model is the formulation of an objective function. The value of this function is the quantity that is to management goals for the system. The objective function used here minimizes the density of infected raccoons over time and space and the total vaccination effort. The objective function used is: (9) where the value of this function is minimized over all cells i t. The parameter c represents the relative importance of increasing vaccination relative to an increase in the density of infectious raccoons.
Since rivers are barriers to the spread of rabies we would like to test if they could be incorporated in an optimal vaccination strategy.
erogeneity affects the optimal vaccination strat--tion strategy for this objective with and without the effects of a river. The model results (Fig. 2) indicate that natural barriers that limit the movement of the host species result in different optimal treatment involves a vaccination rate that is initially very high followed by periodic intervals of relatively lower vaccination rates. The cyclic pattern of -ble juveniles created by the seasonal birth pulse.
vaccination rate is applied over a range of cells.
-- Fig. 2 . Plots of the optimal vaccination strategy with and without a river. -a:
The optimal vaccination strategy without a river. -b: The optimal vaccination strategy with a river. The plots are colored according to the vaccination rates at each point, with lower vaccination rates colored blue.
raccoons move decreases and no vaccination is required beyond the river. This has important results indicate that natural barriers can be incorporated into an overall intervention strategy to reduce the total vaccination rate over the entire spatial domain and thereby reduce the effort and cost of a control program.
for an objective function that minimizes the total density of rabid raccoons plus the cost of vaccination. This is only one of a range of possible management objectives that could be used. An alternative management objective might be minimizing the month-to-month variation in the vaccination rate to achieve a more consistent plan that could be logistically easier to implement. The importance of management objectives in shaping vaccination policy is illustrated by comparing the optimization results with the results reported by Russell et al. 1-8. The management objective for the currently -cination policy that minimizes the total density of infected raccoons and the cost of vaccination. The management objective used by Russell et al.
tion policies reduced the risk of rabies crossing the river. One policy placed the vaccine barrier and the advancing rabies wave front. The other policy placed the vaccine barrier behind the the river where rabies has not yet become established resulted in the lowest risk of rabies crossing the river. This result is based on two factors. rabies is already established results in the suppression of the overall population size and a corresponding reduction in the total number of rabid arrives in a vaccinated population. This reduces the risk of further rabies spread because the rabid animal is more likely to die before infecting -ing Eq. 9 requires vaccinating where rabies has become established to reduce the total density of infected raccoons. The differences in the conclusions reached from these two results highlight the importance of clearly delineating the goals goals can require vastly different policies.
Conclusion
Computational modeling approaches to epidemiology have provided a number of advances of the results arising from these computational models is due in part to the incorporation of real The range of models that can be considered the biology involved can be used to sidestep -created at a large scale may not depend on processes that operate at substantially smaller scales. --nisms that can be concurrently modeled can also be a liability. One problem is that as the com---lar mechanisms result in the patterns produced by the model. An inability to identify the role of the utility of a model. increasing the number of free parameters in estimated. One source for estimation is to draw on results from previously published empirical reported estimates may not directly apply to -tions to align the model with the data. Alterna---model to be used with a known degree of conAnother challenge facing epidemiology modeling is acceptance of the modeling process and results by clinical researchers and practitioners. As clinical settings face more and more ecoeducation of medical and health care workers is needed to bridge the gap and provide access to the insights that modeling can bring to questions faced by researchers.
Computational models of infectious disease epidemiology have clearly contributed to advancements in understanding the dynamics and control of many diseases. As computing techniques will be created. These advances will and help save lives by focusing limited resources on the intervention strategies predicted to make the greatest impact.
Optimal control of vaccine distribution in a rabies metapopulation model. 
